We describe the Mott dissociation of pions and kaons within a Beth-Uhlenbeck approach based on the PNJL model, which allows for a unified description of bound, resonant and scattering states. Within this model we evaluate the temperature and chemical potential dependent modification of the phase shifts both in the pseudoscalar and scalar isovector meson channels for N f = 2 + 1 quark flavors. We show that the character change of the pseudoscalar bound states to resonances in the continuum at the Mott transition temperature is signaled by a jump of the phase shift at the threshold from π to zero, in accordance with the Levinson theorem. In particular, we demonstrate the importance of accounting for the scattering continuum states, which ensures that the total phase shift in each of the meson channels vanishes at high energies, thus eliminating mesonic correlations from the thermodynamics at high temperatures. In this way, we prove that the present approach provides a unified description of the transition from a meson gas to a quark-gluon plasma. We discuss the occurrence of an anomalous mode for mesons composed of quarks with unequal masses which is particularly pronounced for K + and κ + states at finite densities a a possible mechanism to explain the "horn" effect for the K + /π + ratio in heavy-ion collisions.
I. INTRODUCTION
Recently, the relativistic Beth-Uhlenbeck (BU) approach for two-particle correlations in two-flavor quark matter within the Nambu-Jona-Lasinio (NJL) model [1] [2] [3] [4] and the Polyakov-loop improved NJL (PNJL) model [5] [6] [7] [8] [9] [10] has appeared as a promising candidate for a unified description of hadron and quark-gluon matter. In particular, the description of correlations in deconfined quark matter, sometimes denoted as "bound states above T c " [11] [12] [13] , with T c being the pseudocritical temperature of the chiral and deconfinement crossover transitions, is naturally achieved within this formulation. Attempts to formulate a unified thermodynamics of the hadron-toquark-gluon matter transition have been made in postulating a spectral function for hadrons across the chiral/deconfinement transition [14] [15] [16] .
In order to reach this description, however, there are a few more important steps to be made. One of them is the inclusion of the strangeness degree of freedom. We devote the present work to this aim, restricting ourselves to the case of the lightest hadron channels only, the pseudoscalar π and K mesons and their chiral partner states, the corresponding scalar mesons.
As is widely known, the NJL model is capable of describing the chiral restoration transition in a hot and dense medium, where the dynamically generated quark masses drop as a function of temperature and chemical potentials, thus restoring the mass degeneracy of the chiral partner states. At the same time, the continuum thresholds for quark-antiquark scattering channels drop, which results in a lowering of the binding energy for the pseudoscalar meson bound states and finally in their dissociation when they enter the continuum and change their character to resonances with a finite lifetime (Mott effect). This aspect of the Mott dissociation is usually identified by mass poles for mesons becoming complex, with the real part being the "mass" M i of the resonance i and the imaginary part being related to a finite width Γ i due to its decay into the quark constituents. The phase shift of these states is well described by a Breit-Wigner function as long as Γ i M i .
Following previous works on the BU approach to pion dissociation in quark matter in the NJL [1] [2] [3] [4] and PNJL [5] [6] [7] [8] [9] [10] models, we point out that the Breit-Wigner description is not complete as it neglects the fact that analytic properties of continuum states (resonances or just scattering states) are properly described by Jost functions, defined along the cut for continuum states in the complex energy plane. This fact is most appropriately taken into account by the introduction of a scattering phase shift function for each mesonic channel δ i (s), which depends on the squared center-of-mass energy s in the quark-antiquark system and thermodynamic parameters of the medium, here the temperature T and chemical potentials µ u = µ d = µ and µ s for light and strange quarks, respectively.
The behaviour of the phase shift at the threshold can arXiv:1608.05383v3 [hep-ph] 31 Aug 2016 be used as an indicator for the Mott transition of a bound state to the scattering state continuum. The phase shift vanishes at infinity, while it has a value of π at the continuum threshold as long as there is a bound state below the continuum. When the bound state merges with the scattering states continuum, the phase shift jumps to zero, in accordance with the Levinson theorem.
A striking advantage of the BU approach over phenomenological models like [14] [15] [16] is the formulation of the thermodynamics of correlations in terms of phase shift functions that are in accordance with the Levinson theorem [1-5, 8, 9] , which guarantees that the partial pressure of correlations vanishes at asymptotic temperatures (and chemical potentials). It may be understood as an anticipation of asymptotic freedom for strong, finite range interactions [17] .
As a result, within the present approach the EoS and thermodynamic properties (like the composition) of the system of hadrons, quarks and gluons can be described with the correct asymptotics of the hadron gas (of pions and kaons) at low temperatures and the quark-gluon plasma at high temperatures, with the transition inbetween.
A quantitative comparison with lattice QCD thermodynamics data is premature at this stage of the development of the BU approach, mainly due to the lack of hadronic states and missing self-consistency. It is therefore deferred to a future stage of work.
In this work we investigate thermodynamic properties of quark-gluon-meson matter for the PNJL model with N f = 2 + 1 quark flavors, where the strange chemical potential is fixed to µ s = 0.2 µ as motivated by statistical model analyses of chemical freeze-out parameters for describing hadron production in heavy-ion collision experiments. We study the temperature dependence of quark and meson masses along lines of constant µ/T in the T -µ plane which are seen as approximations to lines of constant entropy per baryon along which the hydrodynamic evolution of the heavy-ion collision shall proceed. The EoS for pressure versus temperature in the Beth-Uhlenbeck approach is evaluated for µ/T = 0, 0.5, 1.0, 2.0, whereby the quark, gluon and meson contribution to the total pressure is given. Special emphasis is on the Mott dissociation of the pseudoscalar meson states which is illustrated by the behaviour of the corresponding phase shifts as functions of energy for different temperatures and chemical potentials. The corresponding scalar meson states are unbound already in the vacuum, as is characteristic for the local PNJL model. Nevertheless one can observe how at high temperatures and chemical potentials the chiral partner states become degenerate in their analytic properties as encoded by the phase shifts.
The paper is organized as follows. In Section II we outline the path integral approach to the partition function of the 2+1 flavor PNJL model, including mesonic fluctuations beyond the meanfield in the scalar and pseudoscalar channels in Gaussian approximation. In Section III we present the results for the phase diagram and for the temperature dependence of the order parameters Φ, Φ, m u = m d and m s as well as the meson mass spectra, the energy dependent phase shifts and the pressure with its contributions from quarks, gluons and mesons along a set of trajectories of constant µ/T in the phase diagram. In Section IV we present the conclusions of this study.
II. PARTITION FUNCTION OF THE 2 + 1 FLAVOR PNJL MODEL
We employ a 2 + 1 flavor chiral quark model with NJL -type interaction kernel based on the one used in works on the SU f (3) scalar and pseudoscalar meson spectrum [18] [19] [20] developed on the basis of Ref. [21] and its generalization by coupling to the Polyakov loop [22, 23] ,
Here q denotes the quark field with three flavors, f = u, d, s, and three colors, N c = 3; λ a are the flavor SU f (3) Gell-Mann matrices (a = 0, 1, 2, . . . The Polyakov loop field Φ appearing in the potential term of (1) is related to the gauge field through the gauge covariant average of the Polyakov line [24] Φ
where
Concerning the effective potential for the (complex) Φ field, we adopt the polynomial form and the parametrization proposed in Ref. [24] . Alternatively, the logarithmic form of this potential [25] could also be used. The (P)NJL model is a primer for describing the dynamical breakdown of the (approximate) chiral symmetry in the vacuum and its partial restoration at high temperatures and chemical potentials. This feature is governed by the occurrence of a nonvanishing expectation value for the mean field in the scalar meson channel. At the same time this model provides a field-theoretic description of pseudoscalar meson properties which is in accordance with the low energy theorems of QCD, such as the Goldstone theorem. This is achieved by considering the (Gaussian) fluctuations above the mean field in the scalar and pseudoscalar meson sector and analysing their properties as encoded in the matrix elements of the polarization operator which after analytic continuation from the bosonic Matsubara frequencies to the real q 0 axis reads [26] 
for
Here tr D is the trace over Dirac matrices, the sum over n denotes the sum over the fermionic Matsubara frequencies ω n = (2n + 1)πT , and
is the quark Green function with the dynamical quark mass m f and chemical potential µ f for the flavor f .
The matrix elements of the polarization operator can be represented in terms of two integrals which after summation over the Matsubara frequencies for mesons at rest in the medium (q = 0) are given by
where µ f f = µ f − µ f . To parametrize the model with known pseudoscalar meson masses the vacuum expressions of the integrals are used
f being the quark energy.
The integrals for finite temperature and chemical potential have the following form
where n
are the generalized fermion distribution functions [8, 23] for quarks of flavor f with positive (negative) energies in the presence of the Polyakov loop values Φ andΦ
where the abbreviations Y = e −(E f −µ f )/T andȲ = e −(E f +µ f )/T are used. The functions (11) and (12) fulfill the relationship f
, and they go over to the ordinary Fermi functions f ± 1 (E f ) for Φ =Φ = 1, where
The quark masses m f are found by solving the gap equation
while the meson mass spectrum is obtained from the pole condition
Note that when there is no bound state solution below the continuum threshold for q 0 = M M a < m thr,f f , m thr,f f = m f + m f , then in the vicinity of the threshold, for M M a > m thr,f f , Eq. (15) can still be solved in its complex form in order to determine the mass of the resonance M M a and the respective decay width Γ M a . Thus, we assume that this equation can be written as a system of two coupled equations (upper (lower) sign for
which have solutions of the form
To study the thermodynamics we use the following expression for the quark pressure of flavor f
and for the mesonic pressure we use the BU form in nosea approximation with the phase shifts (20) where δ M (ω, q) is the mesonic phase shift which has the form
and g(E) is the Bose function
Note that the physical mesons are color singlet states and therefore their distribution functions do not depend on the Polyakov loop. This is in striking difference to the case of diquarks which are colored objects and their distribution is strongly suppressed by the coupling to the Polyakov loop in the confined domain. In the deconfined domain, diquarks are suppressed too by the Mott dissociation to their quark constituents [8] . Therefore we do not include them in our considerations in this work. 
III. RESULTS AND DISCUSSION
The parameters used for the numerical studies in this work are the bare quark masses m 0(u,d) = 5.5 MeV and m 0s = 138.6 MeV, the three-momentum cut-off Λ = 602 MeV and the scalar coupling constant G S Λ 2 = 2.317. With these parameters one finds in vacuum a constituent quark mass for light quarks of 367 MeV, a pion mass of 135 MeV and pion decay constant f π = 92.4 MeV. We present the results along trajectories in the PNJL phase diagram shown in Fig. 1 . Each trajectory corresponds to a constant ratio µ/T = 0, 0.5, 1.0, 2.0, where µ = µ u = µ d is the light quark chemical potential. For the strange quark chemical potential the relation µ s = 0.2 µ is used [27] , see also [28] .
A. Phase diagram
In Fig. 1 we show the phase diagram of the present model. To this end we find the positions of the minima of the temperature derivative (the steepest decrease) of the quark mass as the chiral order parameter dM/dT in the T − µ plane and display them by the dashed line. These pseudocritical temperatures go over to the critical temperatures of the first order phase transition characterized by a jump of the quark mass at the corresponding position in the T − µ plane.
A characteristic feature of the phase diagram is that lowering the ratio T /µ → 0, the phase transition turns from crossover to first order. The chiral restoration is a result of the phase space occupation due to Pauli blocking which effectively reduces the interaction strength in the gap equation.
B. Mass spectrum for quarks and mesons at finite temperatures
In Fig. 2 we show the masses of quarks together with the sum and the difference of the traced Polyakov loop Φ and its conjugateΦ along different trajectories µ/T = const in the T − µ plane. We note that the chiral symmetry restoration in the light quark sector is correlated with a rise in the traced Polyakov loop which, due to the polynomial form of the Polyakov-loop potential, also exceeds the value 1. For finite chemical potentials Φ =Φ holds in the domains where Φ = 0. In Figs. 3 and 4 we present masses of the pseudoscalar π and K mesons as well as of their scalar partners, the a 0 and κ (kappa) mesons. These masses may be found in different ways.
The first one is by solving the Bethe-Salpeter equation, where the mass is obtained as the pole of the meson propagator. This method works well as long as the particle is a true bound state, that is below the Mott temperature (T M Mott ) for the meson M . Above the Mott temperature the meson becomes an unbound state and the definition of mass is complicated by the fact that the pole becomes complex and the solution is not unique. Therefore, to find approximate solutions in this case one is generally using the Breit-Wigner form of the propagator with the width defined by Γ = Im(q 0 ). However, this approximation is valid only close to T M Mott as it was discussed in our previous work [3] .
The second method of finding the meson masses involves the phase shift of the quark-antiquark correlation in the considered mesonic interaction channel. To define the mass we determine the energy ω where the phase shift assumes the value π/2. In the rest frame of the meson this energy corresponds to the mass. Below the Mott temperature, the phase shift jumps from zero to π at this position so that its derivative is a delta function, characteristic for a true bound state. We do not consider the positive mode at low energy which arises in the strange sector for K, κ. When the phase shift stays below π/2, the "mass" can be defined by the position of the maximum of the phase shift. For the behaviour of the phase shifts see Figs. 5 -7.
The third method to determine the meson mass also involves the phase shift. One finds the value of the mass from the position of the maximum of the derivative of the phase shift. For a true bound state, the derivative of the phase shift corresponds to a delta function while for a resonance in the continuum it is a smooth function [3, 5] . For a meson at rest in the medium, the position of the peak of the energy derivative of the phase shift corresponds to the value of the meson mass.
The finite chemical potential in the case nonzero µ/T removes the degeneracy of the meson masses in the strange channels. A mass difference arises between K 
C. Phase shifts for mesons and the Beth-Uhlenbeck equation of state
In this subsection we discuss the results for the phase shifts for π and K mesons in comparison with those of their chiral partners, the a 0 and the κ mesons, resp. (see also Ref. [9] ) and their consequences for the thermodynamics of quark-meson matter at finite temperature, with the coupling to the Polyakov-loop. The solutions for the meson phase shifts at finite temperature are shown in Figs. 5 -7 as functions of the energy ω for different temperatures and values of the ratio µ/T . As in Ref. [3] we have made the simplifying assumption that, even in the medium, the phase shifts are Lorentz invariant and depending on ω and q only via the Mandelstam vari-
for given temperature and chemical potential of the medium. Then the BU formula for the mesonic pressure can be given the following form
The bound state mass is located at the jump of the phase shift from 0 to π and this jump corresponds to a deltafunction in the BU formulas (23) for the correlations. In the case when the continuum of the scattering states can be neglected, that is when it is separated by a sufficiently large energy gap from the bound state, we obtain as a limiting case the thermodynamics of a statistical ensemble of on-shell correlations (resonance gas).
In Fig. 5 we show the phase shifts for the nonstrange mesons π and a 0 . As expected for pseudoscalar and scalar isovector states, their phase shifts reflect the chiral symmetry breaking at low temperatures (and low chemical potentials), with a deeply bound pion and an a 0 state just above the continuum threshold, separated from the pion by a large gap. At high temperature T = 300 MeV these phase shifts become indistinguishable, reflecting the chiral symmetry restoration.
In Fig. 6 we show the phase shifts for the charged kaons. For µ = 0 their modification with increasing temperature parallels that of the pions, with the gap between the bound state and the continuum diminishing with temperature and becoming zero for T = 300 MeV, above the kaon Mott temperature, where the kaon becomes a resonance in the continuum. At finite chemical potentials the opposite charge kaons develop a mass splitting and a new low-energy mode appears in the spectrum due to the finite mass difference, see also [7] .
In Fig. 7 the phase shifts for the chiral partner states of the kaons, the charged κ mesons, are shown. Comparing these results with those for the kaons parallels the comparison of the scalar a 0 meson with the pion. The mass splitting of the opposite charge states with increasing chemical potential mirrors the behavior of the kaons. At low temperatures the chiral symmetry breaking is manifest in the mass splitting and energy gap between the kaons and the κ mesons as chiral partner states. At high temperatures, when chiral symmetry is restored, these differences vanish and kaon and κ phase shifts become indistinguishable.
Now we want to study the thermodynamics of mesons in a hot and dense medium encoded in the thermodynamic potential or equivalently the pressure (23) . Eq. (23) has the BU form, where the phase shift obeys the Levinson theorem in a medium [4, 5] 
Here we may introduce the energy level of the continuum threshold ω thr and split (24) in the sum of two integrals with the intervals of integration [0, ω thr ] and [ω thr , ∞], respectively. After integrating out we obtain the Levinson theorem in the form [8] 
which applies also in the case of a hot and dense medium. The continuum threshold is ω thr = q 2 + m 2 thr , where m thr = 2m u for the light-light quark mesons (π, a 0 ) and m thr = m u + m s for the mixed light-strange two-particle states (K, κ). For energies below the threshold there can be only a discrete number n B,M of bound states in the channel M, each contributing an amount of π to the change in the phase shift at the bound state energies ω M,i = q 2 + M 2 i with i = 1, . . . , n B,M . In particular, when due to the chiral symmetry restoration the dropping quark masses entail a lowering of the continuum thresholds ω thr this triggers the dissolution of the bound states into the continuum (the Mott effect) so that n B,M = 0 results.
In Fig. 8 we show the contributions from the mesons (π, K, a 0 , κ) and partons (u, d, s quarks and gluons) to the total pressure in hot quark matter as functions temperature for different values of the ratio µ/T . We show the pressure in units of the Stefan-Boltzmann limit for the quark-gluon plasma (N c = N f = 3)
At finite temperature and vanishing µ/T the partial pressure of the mesons shows a typical behavior, first increasing with temperature, then, when the chiral phase transition occurs, decreasing even before the Mott temperature is reached. Above the Mott temperature, the growing meson width leads to a stronger reduction of the pressure with a rather sharp onset of this effect. In case of finite chemical potentials, along trajectories with fixed ratio µ/T , the total pressure grows faster with increasing temperature because the chiral transition temperature drops with increasing µ/T . D. A possible explanation of the "horn effect" for the K + /π + ratio?
We want to come back to the observation made in the discussion of the phase shifts for the kaons shown in Fig. 6 and their scalar partner states shown in Fig. 7 that at finite baryon density and sufficiently high temperature a low-energy resonance or even bound state occurs in the positively charged channels and that is practically absent in the negatively charged channels. The appearance of this anomalous mode is a consequence of the unequal masses of the constituents of these composite states and it is absent for the pions and their scalar partner states. We are curious to see whether these anomalous states have a potential to contribute to the resolution of the puzzling observation of an enhancement of the ratio K + /π + over the ratio K − /π − of particle yields in heavy-ion collisions at √ s N N ∼ 8 GeV (equivalent to E lab ∼ 30 AGeV in fixed target experiments (the "horn" effect [29] ), see [30] for the references to the experimental data and an early attempt to explain the location of the "horn" within a statistical model. This work suggests that the transition from baryon to meson dominated entropy density may explain the position of the peak for the K + /π + ra- tio. The sharpness of the peak, however, is not well reproduced by the statistical model. While standard kinetic approaches to particle production in heavy-ion collisions have failed to explain the horn effect, the inclusion of chiral symmetry restoration effects for the string decay in the PHSD approach recently resulted in a striking improvement [31] . Chiral symmetry restoration as the precondition for the Mott dissociation of hadrons has also been the key element in an alternative attempt to provide a mechanism for chemical freeze-out [32, 33] and for the "horn" effect by Mott-Anderson localization [27] . On the basis of the present approach to in-medium phase shifts for quark-antiquark scattering in hot, dense quark matter and the resulting mesonic contributions to the thermodynamics described within the BethUhlenbeck approach, we propose to consider the ratios of partial pressures for the meson states according to Eq. (23) for describing the ratio of meson yields at freezeout
, where temperature and baryochemical potential are related to the collision energy √ s N N by the fit formula for the freeze-out parameters in the statistical model given, e.g., by [34] . The nonequilibrium pion chemical potential is chosen as µ p i = 120 MeV [35] . Since in the present model the absolute value of the pseudocritical temperature is larger than in lattice QCD, we propose to rescale the freeze-out temperature by the corresponding factor and to keep the ratio µ/T . With this prescription we obtain the energy scan for the ratios K + /π + and K − /π − shown in Fig. 9 . In order to highlight the possible role of the anomalous low-energy states for explaining the "horn" effect we show by thin lines the same ratios without these states.
IV. CONCLUSIONS
In this work we have described the thermodynamics of N f = 2 + 1 meson-quark-gluon matter at finite temperature and chemical potential in the framework of the Beth-Uhlenbeck approach. In this formulation the quarkantiquark correlations in scalar and pseudoscalar channels are accounted for by the corresponding phase shifts as solutions of the Bethe-Salpeter equations for the meson propagators. The notion of the phase shifts is generalized such as to display both the bound and scattering states spectrum with their characteristic medium effects. Most prominently this concerns the Mott transition where the bound state transforms to a resonance in the continuum. This transition manifests itself in the vanishing of the binding energy as a consequence of the lowering of the continuum edge of scattering states due to chiral symmetry restoration. It appears as a jump of the phase shift at threshold by π in accordance with the Levinson theorem. Thus the mesonic pressure expressed in the BU form reflects this Mott dissociation effect. While the quark and gluon contribution to the total pressure is increased towards the Stefan-Boltzmann limit above the chiral restoration, the mesonic contribution to the pressure dies out. In the behaviour of the phase shifts for K ± and κ ± mesons we obtain an anomalous low-energy mode that is particularly pronounced for the positive charge states at finite densities and temperatures. We have discussed this phenomenon as a possible explanation for the "horn" effect, a pronounced peak in the energy scan of the K + /π + ratio in heavy-ion collisions around √ s N N ∼ 8 GeV.
This behavior of the pressure in the meson-quark-gluon system at finite temperature and chemical potential is in qualitative agreement with the results from lattice QCD simulations, for the most recent ones see [36, 37] . Quantitatively, there are differences the origin of which is well understood. The absolute value of the temperature for which the pressure starts rising towards the Stefan-Boltzmann limit is well above the one obtained in lattice QCD. This discrepancy can be traced to the difference in the pseudocritical temperatures for chiral symmetry restoration. Local NJL and PNJL models predict chiral restoration temperatures above 200 MeV, while lattice QCD simulations give T c = 154 ± 9 MeV [38] . The so-called "entanglement" PNJL model has been suggested to cure this problem [39] by modifying the scalar coupling by a function of the traced Polyakov loop G S → G S (Φ,Φ). Another improvement of the PNJL model concerns its nonlocal generalization which not only provides a solution to the problem of the pseudocritical temperature absolute value [40, 41] , but also describes the running of the quark mass and the wave function renormalization of the quark propagator, in very close agreement with lattice QCD simulations at T = 0 [42] . At high temperatures, lattice QCD thermodynamics does not approach the massless Stefan-Boltzmann limit but rather a modified one which is well decribed by thermal masses in the two-loop approximation to the thermodynamic potential, see [43] and references therein. In the transition region, it is a matter of a detailed quantitative comparison, how many more hadronic resonances might be of relevance for a satisfactory description of the lattice QCD data. It is clear that for very low temperatures and finite baryon densities the inclusion of baryonic states is customary. Then the EoS constraints from compact star phenomenology and heavy-ion collisions [44] shall be the guideline for the model development where lattice QCD data are absent. These issues will be subject of subsequent work along the lines of the Beth-Uhlenbeck approach to the thermodynamics of the hadron-to-quarkgluon matter transition.
